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Abstract. In this paper, we define ip hm — convex functions and prove some 
inequalities for this class. 



1. INTRODUCTION 

Let / :/ cR->Rbea convex function on the interval I of real numbers and 
a,b E I with a < b. The inequality 

is known as Hermite-Hadamard's inequality for convex functions, [2J. 
In PQ, Toader defined m— convexity as the following. 

Definition 1. The function f : [0, b] — >■ K, b > 0, is said to be m—convex where 
m G [0, 1], if we have 

f(tx + m(l - t)y) < tf(x) + m(l - t)f(y) 

for all x, y S [0, b] and t €E [0, 1]. We say that f is m— concave if (— /) is m—convex. 

In [3], Varosanec defined the following class of functions. 

I and J are intervals in K, (0, 1) C J and functions ft and / are real non-negative 
functions defined on J and L, respectively. 

Definition 2. Let /i:JCI->lfea non-negative function, h ^ 0. W^e say iftai 
/ : 7 — > R is an h— convex function, or that f belongs to the class SX(h,I), if f is 
non-negative and for all x, y £ I , a E (0, 1) we have 

(1.2) / (ax + (1 - a)y) < ft(a)/(x) + /i(l - a)/(y) 

If inequality 11.21 is reversed, then / is said to be ft,— concave, i.e. / £ SV (h, I). 
In [5 , Sarikaya et al. proved a variant of Hadamard inequality which holds for 
h— convex functions. 

Theorem 1. Let f £ SX (h, I) , a,b £ I, with a <b and f £ L\ ([a, b]) . Then 

(1.3) ^ry/ (^) < ^ [ / (*) < [/ (a) + / (6)] £ ft (a) da. 

In [3J, Ozdemir et al. defined (ft, m) —convexity and obtained Hermite-Hadamard- 
type inequalities as following . 
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Definition 3. Let h : J C K —> K. be a non-negative function. We say that 
/ : [0, b] — » M is a (h, m) — convex function, if f is non-negative and for all x, y G 
[0, i],ffl£ [0, 1] and a G (0, 1), we have 

f(ax + m(l — a)y) < h(a)f(x) + mh(l — a)f{y). 

If the inequality is reversed, then f is said to be (h, m) — concave function on [0,6]. 

Theorem 2. Let f : [0, oo) — > K be an (h,m) — convex function with m G (0, 1] , 
t G [0, 1] . If < a < b < oo and f G L\ [ma, b] , then the following inequality holds: 



1 



771+1 



mo — a 



rah -i fb 



f (x) dx + / / (a;) dx 

b — m" 1 



< [/(«) + /(&)] f h(t)dt. 
Jo 

Let us consider a function ip : [a,b] —> [a,b] where [a,b] C 1. In 0, Youness 
defined the if— convex functions as the following: 

Definition 4. A function f : [a, b] — > K is said to be ip— convex on [a, b] if for every 
two points x £ [a,b],y G [a, b] and t G [0, 1], the following inequality holds: 

f (tcp(x) + (1 - t)<p(y)) < tf(p(x)) + 1 - tf(p(y)). 

In [6], M.Z. Sarikaya defined (f n — convex functions and obtained the following 
inequalities for this class. 

Definition 5. Let I be an interval in M and h : (0, 1) — > (0, oo) be a given function. 
We say that a function f : I — > [0, oo) is (p h — convex if 

(1.4) / (t<p{x) + (1 - t)<p{y)) < h(t)f( v {x)) + h(l - t)f(v(y)) 

for all x,y <E I and t G (0, 1). If inequality Jj.^[ ) is reversed, then f is said to be 
ip h — concave. 

Theorem 3. Let h : (0, 1) — > (0, oo) be a given function. ///:/—> [0, oo) is 
Lebesgue integrable and ip h — convex for continuous function ip : [a,b] — > [a, 6], then 
the following inequality holds: 

r\ I f(x)f(tp(a) + tp(b)-x)dx 

< [f (p{x)) + f (p(y))] [ h(t)h (1 -t)dt + 2/ (p(x)) f (p(y)) [ h 2 (t)dt. 

JQ JO 

Theorem 4. Let h : (0,1) — > (0,oo) be a given function. If f,g : J —> [0,oo) is 
Lebesgue integrable and (p h — convex for continuous function ip : [a,b] — > [a, 6], then 
the following inequality holds: 

Mb) 

f (x) g{x)dx 



ip(b)-tp (a) - J v{a) 

< M(a,b) [ h 2 (t)dt + N(a,b) [ h(t)h(l - i)dt 
Jo Jo 

where 

M(a, b) = f (p(x)) g (p(x)) + f (p(yj) g (p(y)) 
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and 

N(a, b) = f ( V (x)) g My)) + f My)) g {<p(x)) . 

The aim of this paper is to define a new class of convex function and then 
establish new Hermite-Hadamard-type inequalities. 

2. MAIN RESULTS 

In the bcgining we give a new definition Lp h m — convex function. 
I and J are intervals on K, (0, 1) C J and functions h and / are real non-negative 
functions defined on J and J, respectively. 

Definition 6. Let /i: Jcl- > M be a non-negative function, h ^ 0. We say that 
f '■ [0, b] C [0, oo) — > K is a <p h m — convex function, if f is non-negative and satisfies 
the inequality 

(2.1) f(Mx) + m(l - t)ip(y)) < h(t)f(<p(x)) + mh(l - t)f(<p(y)) 

for all x, y e [0, b] , t G (0, 1) . 

If the inequality (I2.ip is reversed, then / is said to be cp h m — concave function on 
[0,6]- _ 

Obviously, if we choose h(t) = t and m = 1 we have non-negative ^—convex 
functions. If we choose m = 1, then we have f^— convex functions. If we choose 
m = 1 and <p(x) = x the two definitions ip h m — convex and h— convex functions 
become identical. 

The following results were obtained for ip h m — convex functions. 

Proposition 1. If f, g are ip h m — convex functions and A > 0, then f + g and Xf 
are ip h m — convex functions. 

Proof. From the definition of (p h m — convex functions we can write 

f(t<p(x) + m(l - t)cp(y)) < h(t)f(<p(x)) + mh(l - t)f(<p(y))) 

and 

g{pp{x) + m(l - t)<p(y)) < h{t)g{^{x)) + mh(l - t)g(<p(y))) 
for all x, y e [0, b] , m £ (0, 1] and t £ [0, 1] . If we add the above inequalities we get 

(/ + g) (t<p(x) + m(l - t)<p(y)) < h(t) (f + g) (<p(x)) + mh(l - t) (/ + g) (<p(y)). 
And also we have 

Xf(Mx) + m(l - t)<p(y)) < h(t)Xf(ip(x)) + mh(l - t)Xf(cp(y))) 
which completes the proof. □ 

Proposition 2. Let h\,h-2 ■ (0, 1) — > (0, oo) be functions such that h-z (t) < hi (t) 
for all t G (0,1). If f is <p h rn — convex on [0,6], then for all x, y G [0,6] / is 
'■Phi m ~ convex on [0,6]. 

Proof. Since / is ip }l2 m — convex on [0, 6], for all x, y G [0, b] and t G (0, 1), we have 
f(pp(x)+m(l-t)<p(y)) < h 2 (t)f(<p(x)) + mh 2 (l-t)f(<p(y))) 

< h 1 {t)f{<p(x)) + mh 1 0.-t)f(<p(y))) 
which completes the proof. □ 
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Theorem 5. Let f be tp h m — convex function. Then i) if tp is linear, then f o tp 
is (h — m) — convex and ii) if f is increasing and ip is m— convex, then f o tp is 
(h — m) — convex. 

Proof, i) From tp h m — convexity of / and linearity of tp, we have 
/ o tp [tx + m(l - t)y] = f[tp(tx + m(l-t)y)} 

= f [ttp(x) + m(l - t)tp(y)] 

< h(t)f o tp(x) +mh(l- t) f o tp(y) 

which completes the proof for first case, 
ii) From m— convexity of tp, we have 

tp [tx + m(l — t)y] < ttp(x) + m(l — t)tp{y). 

Since / is increasing we can write 

fotp[tx + m(l-t)y] < f[ttp(x)+m{l-t)tp(y)} 

< h(t)fotp(x)+mh(l-t)fotp(y). 

This completes the proof for this case. □ 

Theorem 6. Let h : J C K — > M. be a non-negative function, h ^ and f : [0, b] C 
[0, oo) — »■ M. be an tp h m — convex function with to G (0, 1] and t G (0, 1) . Then for 
all x,y G [0,6], the function g : [0,1] — > M, g{t) = f(ttp{x) + m(l — t)tp(y)) is 
(h — m) — convex on [0, b] . 

Proof. Since / is tp h rn — convex function, for x, y G [0,6], Ai, A 2 G (0, 1) with Ai + 
A2 = 1 and ti,t2 G (0, 1) we obtain 

g (Aiii + m\ 2 t 2 ) 

= f [(Aiii + m\ 2 t 2 ) (p(x) + m (1 - Xrfi - m\ 2 t 2 ) tp(y)] 

= f [Ai (htp(x) + m (1 - h) tp(y)) + m\ 2 (t 2 tp(x) + m (1 - i 2 ) ¥?(y))] 

< /i (Ai) / (ti V (a;) + m (1 - ti) y>(y)) + m/i (A 2 ) / {t 2 tp(x) + m (1 - t 2 ) p(y)) 

= /i(Ai) 5 (ti)+m/i(A 2 )3(*2) 

which shows the (ft- — to) —convexity of g. □ 

Theorem 7. Lei /1 : J C 1 -> 1 te a non-negative function, h ^ and / : 
[0,6] C [0,oo) — > M. 6e a tp hm — convex function with m G (0,1] and f G (0,1). // 
/ G Li [tp(a) , mtp(b)} , h G L\ [0, 1] , one has the following inequality: 

' / f{u)f{<fi{x) + mtp{y) - u)du 

J v(x) 



mip(y) - <p(x) j v(x) 

< f 2 {tp{x))+m 2 f{tp{y)) / h(t)h(l-t)dt + f(tp(x))f(tp(y))[m+l] I h 2 (t)dt 



f2 t,~(„\\ , ™2 r2 / , /„« / *\Jj , J- J- T™ , 11 / 1,2/ 



Proof. Since / is <p h m — convex function, t G [0, 1] and m G (0, 1], then 
f(ttp(x) + to(1 - t)tp(y)) < h{t)f{tp{x)) + mh(l - t)f(tp(y)) 

and 

/((l - t)^(x) + mtp(y)) < h(l - t)f(tp(x)) + mh(t)f(tp(y)) 
for all 1,1/6 [0, 6]. 
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By multiplying these inequalities and integrating on [0, 1] with respect to t, we 
obtain 

1 

/(*¥>(x) + m(l - t)cp(y))f((l - t)<p(x) + mt<p(y))dt 

o 

< f (<p(x)) [ h{t)h{\ - t)dt + mf (cp(x)) f (cp(y)) [ h 2 (t)dt 
Jo Jo 

+mf (<p(x)) f (<p(y)) / h 2 (l~t)dt + m 2 f 2 ^(y)) [ h(t)h(l-t)dt 
Jo Jo 

= [f (<p{x)) + m 2 f (<p(y)j\ f fe(t)fc(l - t)di + / (^(z)) / (<p(y)) [m + 1] f h 2 

Jo Jo 

If we change the variable u — tip(x) + m(l — t)tp(y), we obtain the inequality which 
is the required. □ 

Remark 1. In Theorem^ if we choose m = 1 Theorem^ reduces to Theorem^ 
Theorem 8. Under the assumptions of Theorem^ we have the following inequality 
1 

rmp(y) - (p(x) J v{x) '"""-^ r ™ J vrw/ ' J io 
Proof. By definition of m — convex function we can write 



f(u)du<[f(v(x))+f(ip(y))} / h(t)dt. 



f(t<p(x) + m(l - t) V {y)) < h(t)f(<p(x)) + mh(l - t)f(<p(y)). 

If we integrate the above inequality on [0, 1] with respect to t and change the 
variable u = t(f[x) + m(l — t)tp(y), we obtained the required inequality. □ 

Remark 2. In Theorem^ if we choose m = 1 and (p : [a, 6] — >• [a, 6], f{x) — x, we 
obtained the inequality which is the right hand side of 11. 3\) . 

Theorem 9. Under the assumptions of Theorem^ we have the following inequality 
1 



m + 1 



I rv(y) i rmip(y) 

f (u) du H — — — — / / (u) du 



ip (y) - mip (x) . 

< lf(^)) + /Mv))] [ h(t)dt 

Jo 

for all < mip (x) < ip (x) < mip(y) < ip(y) < oo. 
Proof. Since / is <p h m — convex function, we can write 

f(tip(x)+m(l-t)ip(y)) < h(t)f(ip(x))+mh(l-t)f(ip(y)), 

f{{l-t)ip{x)+mtip{y)) < h(l-t)f(ip(x))+mh(t)f(ip(y)), 

f(tcp(y)+m(l-tMx)) < h(t)f(cp(y))+mh(l-t)f(cp(x)), 

and 

/((l - t)ip(y) + mtip(x)) < h(l - t)f(<p(y)) + mh(t)f(ip(x)). 
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By summing these inequalities and integrating on [0, 1] with respect to t, we 
obtain 



f(tip(x) + m(l - t)y{y))dt + / f{(l-t)tp{x)+mt<p(y))dt 

JO 

I f(tip(y) + m(l-t)(p(x))dt+ f f{{l-t)<p{y)+mtip{x))dt 



< [f(<p(x))+f(<p(y))](m + l) 
It is easy to see that 



U0 



h(t)dt + h(l- t)dt 



mip(y) 



f(t<p(x)+m(l-t)<p(y))dt = [ f((l-t)<p(y)+mhp(z))dt = ^ n / f(u)du, 

Jo mi P (y) ~ V W J v (x) 

f{t<p(y)+m(l-tMx))dt = f f{{l-t)v{y)+rnty{x))dt= 1 n T* f{u)du 

and 

f h(t)dt = ( h(l- t)dt. 
Jo 

If we write these equalities in the above inequality we obtain the required result. □ 

Remark 3. In Theorem^ if we choose ip : [a, b] — »■ [a,b],tp(x) = x Theorem^ 
reduces to Theorem®. 

Theorem 10. Let /i:JCR— ^R&ea non-negative function, h ^ and f, g : 
[0,6] C [0, oo) —> R be (p h m — convex functions with m € (0,1]. If f and g are 
Lebesque integrable, the following inequality holds: 



1 



mtp(y) 

f(u)g(u)du 



< M(a,b) [ h 2 (t)dt + mN(a,b) I h(t)h(l - t)dt 



where 



M(a, b) = f (<p(x)) g (<p(x)) + m 2 f (<p(y)) g (<p(y)) 



N(a, b) = f (cp(x)) g { V {y)) + f { V {y)) g (<p(x)) . 
Proof. Since / and g are ip h m — convex functions, we can write 

f(tcp(x) + m(l - t)<p{y)) < h(t)f(<p(x)) + mh(l - t)f(cp(y)) 

and 

g(ttp(x) + m(l - t)(p(y)) < h{t)g{ip{x)) + mh(l - t)g(<p{yj). 
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If we multiply the above inequalities and integrate on [0,1] with respect to t, we 



If we change the variable u = ttp(x) + m(l — t)ip(y), we obtain the inequality which 



Remark 4. In Theorem \l(A if we choose m = 1 Theorem \7U reduces to Theorem 
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obtain 




is the required. 



□ 
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